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Beautiful mathematics eventually
tends to be useful.

And useful mathematics eventually
tends to be beautiful.
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Harvard 1962 — 1965

Cornell 1965 — 1970
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Gerard Salton

Implemented on IBM 7094 & IBM 360

Based on matrix methods
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Term—-Document Matrices

Start with dictionary of terms
Words or phrases ( e.g., landing gear)
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Term—-Document Matrices

Index Each Document
Humans scour pages and mark key terms
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Term—-Document Matrices

Index Each Document

Count f;; = # times term ¢ appears in document j
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Term—-Document Matrices

Count f;; = # times term 7 appears in document j

Term—-Document Matrix

Doc 1 Doc 2 Doc n
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Query Matching

Query Vector

_ { 1 if Term ¢ is requested

T _
a’ = (g1, G2, - - - Gm) 0 if not



Query Matching

How Close is Query to Each Document?



Query Matching

l.e., how close is q to each column A;?




Query Matching

Use §; = cos b, =

q’'A,

lal] [|A]



Query Matching

Rank documents by size of 9,

Return Document 7 to user when ¢; > tol




Susan Dumais’s Improvement

Approximate A with a lower rank matrix
Effect is to compress data in A

2 patents for Bell/Telcordia

Computer information retrieval using latent semantic structure. U.S. Patent No.
4,839,853, June 13, 1989.

Computerized cross-language document retrieval using latent semantic indexing.
U.S. Patent No. 5,301,109, April 5, 1994.

LATENT SEMANTIC INDEXING
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Latent Semantic Indexing

Use a finite Fourier expansion of A

. 1 i=j,
A=Yi,0Z,  ZZ)={, o loalzlos = >0
lo;| = | (Z; A) | = amount of A in direction of Z;
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Latent Semantic Indexing

Realign data along dominant directions {Z,,....Z;,Z;.1,...,Z,}
Project A onto span {Z,,Z5,-+-,2Z;}
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Latent Semantic Indexing

Use a finite Fourier expansion of A
. 1 i=j,
A=Yl 02, (ZZ)={, O ol >|oal > > o]
lo;| = | (Z;|A) | = amount of A in direction of Z;

Realign data along dominant directions {Z,,...,Z;,2Z;.,...,Z,}
— Project A onto span{Z,,Zs,---,2Z;}

Truncate: A, = P(A) = 0141+ 09Zo+ -+ 0LL;
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Latent Semantic Indexing

LSI: Query matching with A, in place of A
Doc, forced closer to Doc; = better chance of finding Doc,
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Latent Semantic Indexing

Use a finite Fourier expansion of A
. 1 i=j,
A=Yl 02, (ZZ)={, O ol >|oal > > o]
lo;| = | (Z;|A) | = amount of A in direction of Z;

Realign data along dominant directions {Z,,...,Z;,2Z;.,...,Z,}
— Project A onto span{Z,,Zs,---,2Z;}

Truncate: A, = P(A) =01Z1+02Zs+  + 0.4,

LSI: Query matching with A, in place of A
— Doc, forced closer to Doc; = better chance of finding Docs

“Best” mathematical solution
— SVD: A=UDV! = Z aq;uz-viT Z = uf,;VT
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Pros

Strengths & Weaknesses

Finds hidden connections
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Pros

Strengths & Weaknesses

Can be adapted to identify document clusters
Data mining applications
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Pros

Strengths & Weaknesses

Performs well on document collections that are
Small + Homogeneous -+ Static
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Strengths & Weaknesses

Cons
Rankings are query dependent

Rank of each doc is recomputed for each query
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Strengths & Weaknesses

Cons

Only semantic content used
Susceptible to malicious manipulation
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Strengths & Weaknesses

Pros
e Finds hidden connections
e Can be adapted to identify document clusters
— Data mining applications

e Performs well on document collections that are

> Small + Homogeneous + Static
Cons
e Rankings are query dependent

— Rank of each doc is recomputed for each query

e Only semantic content used
— Susceptible to malicious manipulation

» Difficult to add & delete documents



G

Strengths & Weaknesses

Pros
e Finds hidden connections
e Can be adapted to identify document clusters
— Data mining applications

e Performs well on document collections that are

> Small + Homogeneous + Static
Cons
e Rankings are query dependent

— Rank of each doc is recomputed for each query

e Only semantic content used
— Susceptible to malicious manipulation

e Difficult to add & delete documents

» Finding optimal compression requires empirical tuning
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Web Facts

Different from other document collections
It's huge

— QOver 10 billion pages, where average page size =~ 500KB
— 20 times size of Library of Congress print collection
— Deep Web = 550 billion pages
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Web Facts

Different from other document collections

It’'s dynamic

— 40% of all pages change in a week
— 23% of .com pages change daily

— Billions of pages added each year
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Web Facts

Different from other document collections

It's self-organized
— No standards, review process, formats
— Errors, falsehoods, link rot, and spammers!
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Web Facts

Different from other document collections

It has many users
— Google alone processes more than 200 million queries per day
— Approximately 0.25 sec per query involving thousands of computers
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Web Search Components

Software robots

Web Crawlers gather web pages
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Web Search Components

Stores docs
and snippits

Doc Server




Web Search Components

Index Server

Scans pages and does term indexing
Terms Pages (similar to book index)
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The Ranking Module

Measure the importance of each page
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The Ranking Module

The measure should be Independent of any query
Primarily determined by the link structure of the Web

Tempered by some content considerations
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The Ranking Module

Compute these measures off-line long before any queries are
processed
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The Ranking Module

Google’s PageRank@ technology distinguishes it from all com-
petitors
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The Ranking Module

Google’s PageRank@ technology distinguishes it from all com-
petitors

Google’s PageRank = Google’s $$$$$



G

The Process

5

Web Server
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The Wall Street Journal, April 13, 2007

Take Your Pick

Amount of Internet search results that Web
surfers typically scan before selecting one

A few search | First page of
resuits™ 4 search results
23% e 39%

First two
pages

19%

| L— First three pages

More than first 9%
three pages 10%

“Top results without reading through the whole page
Note: Sample size is 2,369 people
Sources: JupiterResearch; iProspect
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How To Measure “Importance”

Landmark Result Paper Survey Paper—Big Bib

NV N
e o
N /l\

|



G

How To Measure “Importance”
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How To Measure “Importance”

N N
/ | AN / l N
Authorities Hubs

Good hubs point to good authorities

Good authorities are pointed to by good hubs
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HITS

Determine Authority & Hub Scores
a; = authority score for P,
h; = hub score for P,

Jon Kleinberg



@ HITS

Determine Authority & Hub Scores

a; = authority score for P, Jon Kleinberg
h; = hub score for P,

Successive Refinement 1
Start with h; =1 for all pages P, = hg=




® HITS

Determine Authority & Hub Scores A
a; = authority score for P, Jon Kisinberg
h; = hub score for P,

Successive Refinement 1
Start with h; =1 for all pages P, = hg=

Define Authority Scores (on the first pass) 1

ai=Zh]‘

j:P—P,



® HITS

Determine Authority & Hub Scores A
a; = authority score for P, Jon Kieinberg
h; = hub score for P,

Successive Refinement i
Start with h; =1 for allpages P, = hg=|:
Define Authority Scores (on the first pass) 1

=3 b = a=|7|=Lh

J:Pj— P, a:n L 1 PZ—>P
0 P 4P




@ HITS Algorithm

Refine Hub Scores - .
i 7 17
= Zaj = hy; =La; L@'j={0 Pz7L>Pj



HITS Algorithm

Successively Re-refine Authority & Hub Scores
d; = LThO



HITS Algorithm

Successively Re-refine Authority & Hub Scores

h; =La;



HITS Algorithm

Successively Re-refine Authority & Hub Scores

az — LThl



HITS Algorithm

Successively Re-refine Authority & Hub Scores

h, = La,



@ HITS Algorithm

a; =L'hg
h, = La;
a, = L'hy
h, = La,

Combined Iterations

A = L'L (authority matrix)



HITS Algorithm

a; =L'hg
h, = La;
a, = L'hy
h, = La,

Combined Iterations

A = L'L (authority matrix)

a, = Aa,_; — e-vector



HITS Algorithm

a; =L"hg
h, =La;
a, =L"h,
h, = La,

Combined lterations
A = L'L (authority matrix)
H=LL? (hub matrix)

a, = Aa,_; — e-vector

h. = Hh,_; — e-vector
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HITS Algorithm

Refine Hub Scores

1 P — P;
o h, = Z a; = hp=La; Lij:{o p.;p].
jiP—P, ) /

Successively Re-refine Authority & Hub Scores
e di = LTh()
e hy =La;
® do = LThl
e hy =La,
Combined lterations
e A =L'L (authority matrix) a;, = Aa,_; — e-vector (direction)

e H=LL’" (hub matrix) h, =Hh, ; — e-vector (direction)

' May not be uniquely defined '
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Compromise

1. Do direct query matching

o




Compromise

2. Build neighborhood graph




Compromise

3. Compute authority & hub scores for just the neighborhood
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Pros & Cons

Advantages
Returns satisfactory results

Client gets both authority & hub scores
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Pros & Cons

Advantages

Some flexibility for making refinements



Pros & Cons

Disadvantages

Too much has to happen while client is waiting



Pros & Cons

Disadvantages
Too much has to happen while client is waiting

Custom built neighborhood graph needed for each query



Pros & Cons

Disadvantages
Too much has to happen while client is waiting
Custom built neighborhood graph needed for each query

Two eigenvector computations needed for each query



Pros & Cons

Disadvantages

Scores can be manipulated by creating artificial hubs
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The Next Frontiers

oogl

The Search Giant Has Changed
Our Lives. Can Anybody
Catch These Guys?

PLUS: The Future of Digital Voting

Google founders Larry Page and Sergey B
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Google’s PageRank

The Google Goals
Create a PageRank r(P) that is not query dependent
Off-line calculations — No query time computation
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Google’s PageRank

(Lawrence Page & Sergey Brin 1998)
The Google Goals

e Create a PageRank r(P) that is not query dependent
> Off-line calculations — No query time computation

» Let the Web vote with in-links
> But not by simple link counts
— One link to P from Yahoo! is important
— Many links to P from me is not

e Share The Vote
> Yahoo! casts many “votes”
— value of vote from Yahoo! is diluted
> If Yahoo! “votes” for n pages
— Then P receives only r(Y)/n credit from Y
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Google’s PageRank

The Google Goals

But not by simple link counts
One link to P from Yahoo! is important
Many links to P from me is not
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Google’s PageRank

The Google Goals

Share The Vote
Yahoo! casts many “votes”
value of vote from Yahoo! is diluted
If Yahoo! “votes” for n pages
Then P receives only r(Y)/n credit from Y
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PageRank

Google’s Original Idea
r(P) Bp = {all pages pointing to P}

| P| = number of out links from P
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r(P Bp = {all pages pointing to P}
r(P) = Z (P)

PeBp ’P‘

| P| = number of out links from P

Successive Refinement
Start with ro(P;) =1/n  for all pages Py, P, ..., P,
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r(P Bp = {all pages pointing to P}
r(P) = Z (P)
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| P| = number of out links from P

Successive Refinement
Start with ro(P;) =1/n  for all pages Py, P, ..., P,
lteratively reflne rankings for each page

ri(FP) = Z TOI(DP)

PEBPZ. | |
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Google’s Original Idea
r(P Bp = {all pages pointing to P}
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PeBp ’P‘

| P| = number of out links from P
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PageRank

Google’s Original Idea
r(P Bp = {all pages pointing to P}
r(P) = Z (P)

PeBp ’P‘

| P| = number of out links from P

Successive Refinement
Start with ro(P;) =1/n  for all pages Py, P, ..., P,
lteratively reflne rankings for each page

ri(FP) = Z TOI(DP)

PEBPZ. | |
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In Matrix Notation

After Step &

7"{ = [rk(Pl)a Tk(P2)7 Y Tk(Pn)]
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In Matrix Notation

mH where

)

ij =

{

1/| P
0

otherwise



In Matrix Notation

PageRank vector = ' = lim 7, = eigenvector for H

k— 00
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Tiny Web
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Tiny Web
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@ A random walk on the Web Graph
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@ A random walk on the Web Graph

PageRank = m; = amount of time spent at P,
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Dead end page (nothing to click on) — a “dangling node”



Tiny Web
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w! =(0,1,0,0,0,0) = e-vector Page P, is a “rank sink”
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Allow Web Surfers To Make Random Jumps
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The Fix
Allow Web Surfers To Make Random Jumps
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S =H+3&- is now row stochastic — p(S) =1



The Fix

T
S =H+3&- is now row stochastic — p(S) =1

Perron says 3 w«! >0 st. #«' =#'S with > . m =1
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Nasty Problem

The Web Graph Is Not Strongly Connected
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Nasty Problem

The Web Graph Is Not Strongly Connected

l.e., S is a reducible matrix
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Nasty Problem

Reducible — PageRank vector is not well defined

Frobenius says S needs to be to ensure a unique
' >0 st wl =x'S with Y .m=1
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Irreducibility Is Not Enough

Could Get Trapped Into A Cycle (P, — P, — P))
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Irreducibility Is Not Enough

Could Get Trapped Into A Cycle (P, — P, — P))

The powers S* fail to converge



G
Irreducibility Is Not Enough

Could Get Trapped Into A Cycle (P, — P, — P))

mi , =m S fails to convergence



G
Irreducibility Is Not Enough

Convergence Requirement

Perron—Frobenius requires S to be primitive



G
Irreducibility Is Not Enough

Convergence Requirement

No eigenvalues other than A = 1 on unit circle



G
Irreducibility Is Not Enough

Convergence Requirement

Frobenius proved S is primitive <= S* > 0 for some k
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The Google Fix

Allow A Random Jump From Any Page

G=0S+(1-a)E>0, E=eel/n, 0<ax<l1
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G
The Google Fix

Allow A Random Jump From Any Page

G=aH+uv! >0 u=ca+(l1—-a)e, vi=el/n

PageRank vector ! = left-hand Perron vector of G



The Google Fix

G=aH+uv! >0

Some Happy Accidents

x'G = ax'H + v’

u=ca+(1—ae,

vi=el/n



G
The Google Fix

Allow A Random Jump From Any Page
— G=0S+(1-a)E>0, E=eel/n, 0<ax<l1
— G=aH+uv! >0 u=ca+(1—-a)e, vi=el/n
— PageRank vector ! = left-hand Perron vector of G
Some Happy Accidents
— X'G =ax’H+ Bv!  Sparse computations with the original link structure

. )\Q(G) =« Convergence rate controllable by Google engineers




The Google Fix

G=aH+uv! >0 u=ca+(l1—-a)e, vi=el/n

Some Happy Accidents

v’ can be any positive probability vector in G = aH + uv’



The Google Fix

Some Happy Accidents

The choice of v! allows for personalization

G =aH+uv!
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What’s
& Business and Finance ,

EWS CORP. and Liberty

are no longer working to-
gether on a joint offer to take
control of Hughes, with News
Corp. proceeding on its own and
Liberty considering an indepen-
dent bid. The move threatens to
cloud the process of finding a
new owner for the GM unit.

{Articke on Page A3)

* #* L
m The SEC signaled it may file
civil charges against Morgan
stanley, alleging it doled out [PO
shares based partly on investors’
commitments to buy more stock,
{Article on Fage C1)
+ a* *
m Ahold’s problems deepened as
1.5, authorities opened inquiries
into accounting at the Dutch
company’s U.S. Foodservice unit.
m Fleming said the SEC up-
graded to a formal investigation
in inquiry into the food wholesal-
er's trade practices with suppliers.
[Articlas on Pige A2)
# * *
= Consumer confidence fell to
its lowest level since 1993, hurt by
energy costs, the terrorism threat
and a stagnant job market.
(Article on Page A3)

- * *
m The industrials rebounded on

News—

World-Wide &

m BUSH IS PREPARING to present
Congress a huge bill for Irag costs.
The total could run to $95 billion
depending on the length of the pos-
sible war and occupation. As horse-
trading began at the U.N. to win sup-
port for a war resolution, the presi-
dent again made clear he intends to
act with or without the world body's
imprimatur. Arms inspectors said
Baghdad provided new data, includ-
ing a report of a possible biological
bomb. Gen. Franks assumed com-
mand of the war-operations center in
Qatar. Allied warplanes are aggres-
sively taking oul missile sites that
could threaten the allied troop build-
up. (Column 4 and Pages A4 and Af)
Turkey's parfiament debated legisla-
tion to lel the U8, deploy 62,000 to
apen a worthern front. Kurdish sol-
dters lined roads in a show of force
as .8 officials traveled into frag's
north for an opposition conference.
 J L .3
® Powell saild North Korea hasn't re-
started a reactor and plutonium-pro-
cessing facility at Yongbyon, hinting
siich forbearance might constitute an
overture. Bul saber rattling contin-

| ued a day after a missile test timed

for the inauguration in Seoul. Pyong-
yang accused U.5. spy planes of vio-
lating its airspace and told its army
to prepare for U.5. attack. (Page Al4)

* #* #
m The FRI came under withering bi-
partisan criticism in a Senate Judi-
ciary report in which Sen. Specl
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As the Web spreads...
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Bush to Seek up to $95 Billion
To Cover Costs of War on Iraq

By GREG JAFFE
And Joux D. McKmnox

WASHINGTON—The Bush adminis-
tration is preparing supplemental spend-
Iing requests totaling as much’ as 395 bil-
lion for a war with Iraq, its aftermath
and new expenses to fight terrorism, offi-
cials said.

The total could be as low as $60 billion
because Pentagon budget planners don't
know how long a military confliet will
last, whether 1.5, allies will contribute
more than token sums to the effort and
what damage Saddam Hussein might do

i but didn't reach a final agreement. Mr.
Rumefold nlane R

to his own country to retaliate against
conquering forces,

Budget planners alsoe are awaiting the
outcome of an intense Internal debate
over whether to include $13 billion in the
requests o Congress that the Pentagon
says it needs to fund the broader war on
terrorism, as well as for stepped up home-
land security. The White House Office of |
Management and Budget argues that the
money might not be necessary, President
Bush, Defense Secretary Donald Rums-
feld and budget director Mitchell Daniels
Jr. met yesterday to discuss the matter

ot inus n

WS).com

Cat and Mouse

As Google Becomes
Web’s Gatekeeper,
Sites Fight to Get In

Search Engine Punishes Firms
That Try to Game System;
Outlawing the ‘Link Farms’

Exoticleatherwear Gets Cut Off

By MicHAEL ToTTy
And MYLENE MANGALINDAN

Joy Holman sells provocative leather
clothing on the Web. She wants what
nearly everyone doing business online
Wanls: more exposure on Google.

80 from the time she launched exoti-
cleatherwear.com last May, she tried all
sorts of tricks to get her site to show up
among the first listings when a user of
Google Inc.’s popular search engine
typed in “women's leatherwear” or
“leather apparel.” She buried hidden
words in her Web pages intended to ool
Google's  comput- A
ers. She signed up
with a service that ﬁ

et T %
promised to have ;
hundreds of sites
link to her onling
store—therehy
hoosting a crucial
measure in Goo-
gle's  system of
ranking sites,

The techniques
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ranks a& sit el ¥ how them in toling up the sites’ popularity ing links designed both to deliver traffic By CHAD TERHUN

TLANTA—Home Depaot I
-quarter earni

“The big search

engines determine the
|;:‘-.‘-.'.-- of how commerce
runs, says Mr. Massa.

Coding Trickery

Crackdown Is Set to Bec
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Personalization is Coming

IhL Wall Street Journal Apnl 25, 2007

Search Engines \eek to (et Inslde \mu Hedd

fnmu,u"r Others Start to Comb
Users’ Online Habits to Tailor
”f‘-’HH“.‘ﬁ Lo .l'-‘r"r.wmu_nf J"J'Ifr"'r'f-'xfx

By JEssICA E. VASCELLARO
And KEviN J. DELANEY

EARCH ENGINES have long generated thi
SAIMEe T 'l|.|i=:'- or gueres wnether il 121
L1 '1!':|..|'!.|!|.:'. Was a4 mon 12 LNem gl

or movie star, Now, who vou ar ad what voi'ri
interested In 15 Starting to arrect the outcome ol
VOur search.
Google Inc. and a wide range o
trying to translate factors like where you live, the
ads you click on and the types of restaurants yo
search for into more-relevant search results. A
chef who searched for “beef.” for example, migh
be more likely to find recipes than encyclopedia ticket-buying site
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Conclusion

+ Google Augments PR With Content Scores For Final Rankings

+ Content “Metrics” Are Proprietary — But Known Examples

Whether query terms appear in the title or the body

Number of times query terms appear in a page

Proximity of multiple query words to one another

Appearance of query terms in a page (e.g., headings in bold font score higher)
Content of neighboring web pages

* Elegant and Exciting Application of Mathematics ‘

+ That Is Changing The World +



