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PageRank Problem
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Q =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1/2 0 1/2 0 0

1/3 0 1/3 1/3 0 0

0 0 0 1 0 0

0 1/2 0 0 0 1/2

0 0 1 0 0 0

0 0 0 1/2 1/2 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

6×6

Solving for the dominant eigenvector of a matrix Q by using the Power Method.

φTQ = φT
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Updating PageRank Problem

1 2

3 4
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P =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1/2 0 1/2 0 0 0

1/3 0 0 1/3 0 0 1/3

0 0 0 1 0 0 0

0 1/4 0 0 1/4 1/4 1/4

0 0 1 0 0 0 0

0 0 0 1/3 1/3 0 1/3

0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

7×7

• Given φT and Q for the original system, find πT of P for updated system.

• One way to solve this problem is to apply the Power Method (not good for a Huge

matrix)
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Motivation

Super
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• Working with smaller system

• Paying more attention to the updated states
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Exact Aggregation

1. Partition states into k disjoint groups as S = G1 ∪G2 ∪ . . .∪Gk where each Pii

is a square block.

Pn×n =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

P11 P12 . . . P1k

P21 P22 . . . P2k
...

...
. . .

...

Pk1 Pn2 . . . Pkk

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

2. Find the stochastic complement Si for each block Pii where

Si = Pii + Pi∗(I − P ∗i )−1P∗i

-Pi∗ and P∗i are, respectively, the ith-row and the ith-column of block with Pii re-

moved.

-P ∗i is principle submatrix of P obtained by deleting the ith-row and the ith-column

of blocks.
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Exact Aggregation

Example:

P =

(
P11 P12

P21 P22

)
, then

S1 = P11 + P12(I − P22)−1P21

S2 = P22 + P21(I − P11)−1P12

3. Form the smaller k × k matrix called the Aggregated Transition Matrix.

Ak×k =

⎛
⎜⎜⎜⎝
sT

1 P11e . . . sT
1 P1ke

...
. . .

...

sT
kPk1e . . . sT

kPkke

⎞
⎟⎟⎟⎠

where sT
i is the stationary probability vector of Si.
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Exact Aggregation

4. Find the stationary distribution of A: αT = (α1, α2, . . . , αk)

5. By the Exact Aggregation Theorem: πT = (α1s
T
1 , α2s

T
2 , . . . , αks

T
k )

Advantage : Get the exact value of πT

Disadvantage : Very expensive for computing inverseSi = Pii+Pi∗(I − P ∗i )−1P∗i
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Special Partition

P =

⎛
⎝
G Ḡ

G P11 P12

Ḡ P21 P22

⎞
⎠

Partition P into g + 1 levels where first g diagonal blocks are 1× 1

P =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

p11 . . . p1g P1∗
...

. . .
...

...

pg1 . . . pgg Pg∗

P∗1 . . . P∗g P22

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

Advantage of this partition:

• Since p11 . . .pgg are 1× 1 block⇒ Stochastic complement = 1 and si = 1
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Special Partition

• There is only one stochastic complement

S = P22 + P21(I − P11)
−1P12

• By Exact Aggregation Theorem

s̃T = (φg+1, . . . , φn)/Σ
n
i=g+1φi

So, the Exact Aggregated Transition Matrix associated with the new partition is

Ã =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p11 . . . p1g P1∗e
...

. . .
...

...

pg1 . . . pgg Pg∗e

s̃TP∗1 . . . s̃TP∗g s̃TP22e

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(g+1)×(g+1)
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Special Partition

Since we use the old stationary vector φT to find the updated stationary vector πT

⇒ πT ≈ φT

A ≈ Ã =

⎛
⎝ P11 P12e

s̃TP21 s̃TP22e

⎞
⎠

αT ≈ α̃T = (α̃1, α̃2, . . . , α̃g, α̃g+1)

πT ≈ π̃T = (α̃1, α̃2, . . . , α̃g, α̃g+1s̃
T )

(not bad approximation)
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Approximate Aggregation Algorithm

1. Partition states of updated as S = G ∪ Ḡ and reorder P =

⎛
⎜⎝
G Ḡ

G P11 P12

Ḡ P21 P22

⎞
⎟⎠

2. Set φ̄T = (φg+1, φg+2 . . . , φn)

3. Set s̃T = φ̄T/φ̄Te where e is a column of ones

4. Set Ã =

⎛
⎝ P11 P12e

s̃TP21 1− s̃TP21

⎞
⎠

(g+1)×(g+1)

5. Find α̃T = (α̃1, α̃2, . . . , α̃g, α̃g+1)

6. Set π̃T = (α̃1, α̃2, . . . , α̃g|φ̄T )
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Iterative Aggregation Algorithm

Initialization

• Partition the states of the updated chain as S = G ∪ Ḡ
• φ̄T ← the component from φT corresponding to the states in Ḡ

• sT ← φ̄T/(φ̄Te)

Iterate until convergence

1. Ã←
⎛
⎝ P11 P12e

s̃TP21 1− s̃TP21

⎞
⎠

2. αT ← (α1, α2, . . . , αg, αg+1)

3. χT ← (α1, α2, . . . , αg|αg+1s
T )

4. ψT ← χT P (Move the iterates off the fixed point−→ the convergence.)

5. If ‖ψT − χT‖ < τ for a given tolerance τ , then quit

else sT ← ψT/ψTe go back to step 1.
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How to determine the partition for the updating problem ?

Rules of the partition

• Put the updated states into G.

• Put the nearest states to the update into G.

• Put the states which have a large stationary probability into G.(slow converging

states shown by Kamvar et al.)
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Experiments

Topic Number of Nodes Number of Links Total number of nodes Total number of links

Genetics 2,952 6,485 3,200 6,900

California 9,664 16,150 10,300 17,000

• Adding and deleting some nodes

• Adding and deleting some links

• Stopping criterion ‖ψT − χT‖1 < 10−10
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Genetics

g = |G| Iterations T ime (sec)

10 163 2.16

50 19 .483

100 19 .456

250 17 .276

500 9 .313

1000 8 .319

PowerMethod 165 1.45

Iterative aggregation algorithm is about 5 times faster than Power method
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California

g = |G| Iterations T ime (sec)

10 170 7.75

50 75 3.56

100 57 3.75

250 51 2.59

500 34 2.01

1000 19 1.03

2000 10 .997

3000 7 1.17

4000 7 1.22

5000 7 1.56

PowerMethod 176 5.87

Iterative aggregation algorithm is about 6 times faster than Power method
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Location of G-Opt

250
0 1000 2000 3000

0

0.005

0.01

0.015

0.02

0.025
Genetics

2000
0 5000 10000

0

0.002

0.004

0.008

0.006

0.01
CA

• Size of G near optimal stay around the right of the bend.
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Conclusion And Future Work

Conclusion

Appropriate partitions can greatly speed up Stationary vector computation.

Future work

• Combine the Iterative Aggregation with other methods to increase the speed of en-

tire process.

• Find a concrete way to partition S = G ∪ Ḡ.

• Investigate the relationship between |λ2| of the S and |G|.
• Work with real life data.

North Carolina State University Page 19


	Updating the Stationary Distribution Vector
	for an Irreducible Markov Chain 
	 Outline 
	 PageRank Problem 
	Updating PageRank Problem
	Motivation
	Exact Aggregation 
	Exact Aggregation 
	Exact Aggregation 
	Special Partition
	Special Partition
	Special Partition
	Approximate Aggregation Algorithm
	Iterative Aggregation Algorithm
	Initialization
	Iterate until convergence

	How to determine the partition for the updating problem ?
	Rules of the partition

	Experiments
	Genetics
	California
	Location of G-Opt
	Conclusion And Future Work
	Conclusion
	Future work



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


