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Nonnegative Matrices

In The Mathematical Sciences



Light Perron—Frobenius

Uncoupling The Perron Vector

> A sn Nonnegative & lrreducible

> AX = pX p=Spec Radius x>0 Y z;=1

A1 A A1y [ X1
» Az Az Aaj, Xo
> Partition A = : : . : X =
Akt Agz Ak _ RN
The Goal
> Determine each x; independently

> Each Xx; should solve a P—F problem of size ~ A;;



Perron Complementation

A1 Aq2
Az1 Ao

¢ P11 = A+ Apa(pl — Ags) tAy,
¢ Pos = Ags + Aoy (pl — A11) tA12

* * * *
An — Ay — Ap| & Py=A;+A (ol —A) A,
* * * *




Inheritance

(Fun with M—matrices)
Each P;; = A; + A;(pl — A;;))'A,; inherits properties from A
/ Nonnegativity: A>0 — P;>0
/ Irreducibility: A irreducible = P;; Irreducible

/ Spec Radius: p = Sp Radius(A) — p = Sp Radius(P;;)



Uncoupling — Coupling

Perron Complement Vectors

> 7y Zo - Z
The Problem
>

Couple z;’'s together to build Perron vector for A

_9121
Y2l

| YLk

where P;iz; = pPL;

z;, >0
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A Common Theme

Restriction Operator Prolongation Operator

T
| e kxn B Zk_ nxk

¢ RP=1 ¢

Coupling Matrix

C=RAP = [e'Aijz;],,



More Inheritance

C = RAP inherits properties from A
/ Nonnegativity: A>0 =— C>0

V" Ineducibility: A irreducible —> C irreducible

" Spec Radius:  p = Sp Radius(A) —> » = Sp Radius(C)



Putting Things Together

Another P—F Problem ¢
Coupling Coefficients ¢
e
Y2
y=1-
Yk _

Ck:xk'y = ,Oy,

y >0,

ely=1

Perron Complement Vectors

Perron Vector of A

X:y@z:

1121 |
Y2l

Yk |




All A12
A21 A22

For A =

¢ P11 = A + Aga(pl — Ags) A

. Form

¢ P2z = Aoz + Ao1(pl — A11) 1Aq2
. Solve Pi121 = Jo4] and Poszo = pPL2
. Form  C,.,=[elA;z;]

. Solve Cy = py

X Z
. Form x:[ 1]:[y1 1]
Y2l



«—— Divide & Conguer

mplement “Fork—Join”

e Makes a Parallel Algorithm

,
eTA1222

1 —
! p—elAj1z, + el Aoz

Y2 =1 —y1



Censoring Markov Chains

» Observe process only on a Subset (cluster) of states

» When cluster is left, go to sleep until cluster is re-entered

SOt

(UNCENSORED) (CENSORED)

p:; = P(: to j directly) q:;; = P(re-enter at j / leave from )

> Censored Transition Probability = p;; + q;;



Censored Transition Matrices

THEOREM
A A A1 |
‘/ A1 Azg - Ag| N .
If A = : : . : IS the transition matrix for an
A1 Ak Akk |

irreducible chain, then the Perron (stochastic) complement
P, = A; + A (I — A;) A, is the censored transition matrix

for the " cluster



Uncoupling By Censoring

Censored Distributions
‘/ z!" = stationary distribution of P;;
Coupling Matrix
V' c=[Ae]
Coupling Distribution
/ vy =[y1 wya -+ u;]= stationary distribution of C
Global Distribution

/ X' =[y1z2] yozl .-+ y,zl'] = stationary dist of A



Nearly Uncoupled Chains

Weakly Coupled Clusters

> Ayl <efori#;

Approximate

> P = At ALl —Ay) AL R A+ (Somethlng) =P;
Simple
Aggregation/Disaggregation Approximations

Error Analysis

» Grace Cho — NCSU



